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Abstract—Recent magnetic resonance imaging (MRI) studies
have demonstrated that perfusion to the posterior fossa of
the brain can be surprisingly unilateral, with speciﬁc vascular
territories supplied largely by a single vertebral artery (VA)
rather than a mixture of the two. It has been hyposthesized
that this is due to a lack of mixing in the conﬂuence of the
VA into the basilar artery (BA), however the local mechanisms of mixing (or lack thereof) have not been previously
examined in detail. This study aims to assess the mixing
characteristics and hemodynamics of the vertebrobasilar
junction using subject speciﬁc computational ﬂuid dynamics
(CFD) simulations, and perform quantitative comparisons to
arterial spin labeling (ASL) MRI measurements. Subject
speciﬁc CFD simulations and unsteady particle tracking were
performed to quantitatively evaluate vertebrobasilar mixing
in four subjects. Phase-contrast MRI was used to assign
inﬂow boundary conditions. A direct comparison of the
fractional ﬂow contributions from the VAs was performed
against perfusion maps generated via vessel-encoded pseudocontinuous arterial spin labeling (VEPCASL) MRI. The
laterality of VA blood supply in 7/8 simulated cerebellar
hemispheres and 5/7 simulated cerebral hemispheres agree
with ASL data. Whole brain laterality of the VA supply
agrees within 5% for measured and computed values for all
patients. However, agreement is not as strong when comparing perfusion to individual regions. Simulations were able
to accurately predict laterality of VA blood supply in four
regions of interest and conﬁrm ASL results, showing that
very little mixing occurs at the vertebrobasilar conﬂuence.
Additional particle tracking analysis using Lagrangian
coherent structures is used to augment these ﬁndings and
provides further physical insight that complements current
in vivo imaging techniques. A quantitative mix-norm measure
was used to compare results, and sensitivity analysis was
performed to assess changes in the results with pertubations
in the boundary condition values.

INTRODUCTION
The vertebrobasilar system includes the left and
right vertebral arteries (VAs) as well as their conﬂuence
into the basilar artery (BA). As the only arterial conﬂuence of this size in the human body, the vertebrobasilar junction exhibits unique ﬂuid mixing
characteristics, providing an opportunity to compare
simulation and imaging methods aimed at mapping
ﬂow patterns and quantifying mixing. This may provide a basis for the intelligent design of targeted drug
delivery techniques and other endovascular interventions in future work.
Recent advances in patient speciﬁc modeling for
cardiovascular ﬂow have included anatomic model
construction with increasing level of detail, physiologic
lumped parameter boundary conditions, ﬂuid structure
interaction, and automated surgery optimization.10,29,32,50 These tools have been applied to improve
understanding of hemodynamics and disease processes
in pediatric cardiology, coronary artery disease, cerebral aneurysms, and many other applications.2,21,27,28,30,31,36 While there has been an
abundance of work characterizing ﬂow in the carotid
arteries and in cerebral aneurysms both in vitro and in
simulations,3,6,43 there have been relatively few studies
examining the hemodynamics of the vertebrobasilar
junction. Vertebral artery (VA) ﬂow in an idealized
geometry was studied experimentally in vitro by Lutz,26
who found little mixing of VA ﬂow in the BA. Krijger
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studied ﬂow patterns in the BA conﬂuence using ﬁnite
element simulations in a symmetric, rectangular cross
section, 3D idealized geometry with rigid walls and
steady ﬂow,20 and concluded that 3D models are necessary to accurately characterize vertebrobasilar ﬂow,
which differed greatly from previous 2D models.19
Arterial spin labeling (ASL), developed in 1992 by
Williams et al.,11,48 is an magnetic resonance imaging
(MRI) method that uses water in arterial blood as a
freely diffusible tracer of perfusion. This method was
originally used to image global brain perfusion, but
recent vessel-encoded pseudo-continuous ASL (VEPCASL) methods have been employed to map perfusion
from speciﬁc arteries.9,12,14,15,46,47,49,52,53 VEPCASL
allows spin labeling in a single 2D plane, enabling
the study of perfusion of long and tortuous arteries.
Results from a recent VEPCASL study performed by
Kansagra and Wong showed that VA perfusion territories in the cerebellum are relatively distinct, suggesting minimal mixing of ﬂow from the two VAs
within the BA.17 Their results suggest that there is
minimal mixing of ﬂow from the right and left VAs
in the BA. Because the ASL is not natively capable
of examining local hemodynamics, the use of computational ﬂuid dynamics (CFD) provides a complementary method for comparison, and sheds
further light on the ﬂow physics of the vertebrobasilar system.
Subject speciﬁc CFD modeling can provide detailed
hemodynamic information, such as wall shear stress
and 3D mixing patterns, that is not readily available
through most standard imaging modalities in vivo.
Although CFD simulations have been validated
against in vitro data in several studies,22,23 fewer results
on direct validation with in vivo data exist.1,4 While not
a full validation, this study provides a much needed
direct, quantitative comparison of simulation predictions with in vivo data in multiple human subjects, as
well as a novel use of Lagrangian particle tracking
data. Quantiﬁcation of particle tracking is important
for studying blood perfusion, which has applications
for targeted drug delivery and improving ﬂow distribution, for example to prevent arteriovenous malformations in congenital heart disease patients.33,51
It is diﬃcult, and often impossible, to visually track
ﬂuid advection from the transient 3D ﬂuid velocity
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ﬁelds and streamlines that are produced from CFD
simulations. Lagrangian particle tracking25,39 can be
used to integrate mass-less tracer particles in ﬂuid
velocity ﬁelds and quantify ﬂuid advection. Additionally, Lagrangian coherent structures (LCS), a recently
developed method for distinguishing structures in
unsteady ﬂow, can be used to visualize and understand
mechanisms of ﬂuid transport.
Additional mixing quantiﬁcation is performed in
this study with an advection-diﬀusion solver, allowing
for a direct measure of the degree of mixing. Both the
LCS and advection-diﬀusion methods provide important and complementary insight into the mixing characteristics in the VAs. Post processing of the
convection-diﬀusion simulation results enables a single
measure for mixing to be used for quantiﬁcation via
variance and mix-variance calculations.
The primary purpose of this study is to investigate
the mixing characteristics of the vertebrobasilar junction. The secondary purpose of this study is to compare VEPCASL ﬁndings and CFD simulations by
assessing the mixing characteristics of the vertebrobasilar junction in multiple subjects, thereby providing
an opportunity for cross-comparison of ASL and CFD
data. The rest of the paper is organized as follows. We
ﬁrst discussion model construction and simulation
methods. We then make comparisons of brain perfusion, including ASL methods, with simulation. We
then analyze mixing hemodynamics and Lagrangian
measures. Finally, we present conclusions and discussion.

MODEL CONSTRUCTION AND SIMULATION
METHODS
Four healthy volunteers (age 23–24, 1 male, 3
females, see Table 1) without known cerebrovascular
disease were included in this study after providing
informed consent. The local Institutional Review Board
approved the study protocol, which was conducted in
accordance with institutional guidelines.
3D patient speciﬁc models were constructed from
subjects magnectic resonance angiography (MRA)
data using a custom version of the open source SimVascular package (simtk.org).38 The VAs, anterior

TABLE 1. Demographic information.

Subject
Subject
Subject
Subject

1
2
3
4

Age

Sex

Anatomy

Left VA inflow (cm 3  s 1 )

Right VA inflow (cm 3  s 1 )

31
25
23
24

F
M
F
F

Normal
Normal
Normal
Right fetal P1

2.09
0.82
0.99
1.90

1.43
0.46
0.95
1.43
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FIGURE 1. 3D patient specific models based on MRA data.
PCA 5 posterior cerebral artery, SCA 5 superior cerebellar
artery, BA 5 basilar artery, AICA 5 anterior inferior cerebellar
artery, VA 5 vertebral artery.

inferior cerebellar arteries (AICAs), superior cerebellar
arteries (SCAs), posterior cerebral arteries (PCAs),
posterior inferior cerebellar arteries (PICAs) and posterior communicating arteries were modeled, where
patient-speciﬁc anatomy allowed, in addition to smaller resolvable branches (Fig. 1). This resulted in two
inlets at the VAs, 4–7 outlets in the cerebellar region,
and 8–12 outlets in cerebral region. As illustrated in
Fig. 2, the 3D model building process started with
overlaying 3D volumetric MRA data with paths along
each modeled artery. Along these paths, segmentations
were drawn manually along the blood-vessel lumen,
followed by lofting segmentations together to form the
ﬂuid domain. Multiple arterial branches were merged
to form the vertebrobasilar vasculature. At each
intersection, blending was done to eliminate artiﬁcially
discontinuous junctions. A tetrahedral mesh was created for each model, and adapted to ensure mesh
convergence over four iterations using MeshSim
(Simmetrix Inc.), with the ﬁnal meshes containing
approximately 750,000 elements.
At the left and right VA inlet faces of the model a
time-varying inﬂow boundary condition was prescribed. Because only time-averaged phase-contrast
MRI data was collected, a characteristic VA waveform
from the literature was scaled, for the left and right
VAs, to the mean values for each subject to create the
transient inﬂow boundary conditions.13 The waveform
spanned one cardiac cycle (Fig. 3).
Resistance boundary conditions were applied to the
outlets,44 with values assigned to be inversely proportional to the outlet areas, and constrained such that the
sum of all parallel resistances equals total hydraulic
resistance R, satisfying P = QR, where P is the blood
pressure and Q is the volumetric ﬂow rate. For our
simulations, the mean arterial pressure was assumed to
be 115 mmHg, and the volumetric ﬂow rate was the
sum of the mean ﬂowrates of the VAs.

FIGURE 2. Model creation process from MRA data.

FIGURE 3. Normalized VA inflow waveform.

Hemodynamic simulations were performed by
solving the time-dependent 3D Navier–Stokes equations assuming a viscous, Newtonian, incompressible
ﬂuid with a rigid wall approximation. A custom ﬁnite
element ﬂow solver was employed, using a generalized
a-method time integration scheme with 2nd order
numerics.16 Viscosity and density of blood were
assigned the values of l = 0.04 g1cm1 s1 and q =
1.06 g1cm3, respectively. The average Reynolds
number was approximately 200 with a peak of 400.
The Schmidt number was 377,000. Time varying inﬂow
conditions were deﬁned for one cardiac cycle with a
period of 1 s, and repeated over the course of 6 simulated cardiac cycles. Each cycle was simulated using
1000 time steps, with a time step size of 1 ms. The
velocity ﬁelds from the last cardiac cycle was used for
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post processing (Fig. 4). Simulations were performed
on a CentOS 5.2 linux-based cluster using 4–48 CPU
cores (AMD Opteron 2378, 2.4 ghz Quad-Core) and
required approximately 45 CPU hours.

QUANTIFICATION OF BRAIN PERFUSION
MRI Methods
Each of the four patients was scanned using a Signa
Excite 3.0T short bore MR scanner (General Electric
Medical Systems, Milwaukee, WI) with a commercial
8-channel head coil. For locating anatomical features,
a 3D time-of-ﬂight, spoiled gradient echo MRA was
performed with a resolution of 0.4 mm 9 0.4 mm 9
1.0 mm, TR/TE 20/2.7 ms, and 15° ﬂip angle on 32
separate slices in each of 3 slabs. An axial labeling
plane was then chosen approximately 50 mm below the
circle of Willis. Twelve imaging slices were positioned
parallel to and roughly 30 mm above the labeling
plane for VEPCASL and anatomical T1 imaging.
VEPCASL scans were performed with a resolution of
2.2 9 2.2 9 5.0 mm, TR/TE 3300/3.0 ms, and 40
excitations in each of two interleaves using single shot
spiral acquisition with fat saturation (Fig. 5). Additional parameters were as described in Kansagra and
Wong.17 Performance of two VEPCASL scans allowed
for differentiation of internal carotid artery (ICA)
perfusion from VA perfusion, and left and right territories, respectively. A single axial phase contrast MR
image at the level of the labeling plane allowed measurement of volumetric ﬂow rates of the ICAs and
VAs; this image was obtained at 0.4 mm 9 0.4 mm 9
4.0 mm resolution with TR/TE 50/12 ms and 30° ﬂip
angle. The literature reports a coefﬁcient of variation
(noise-to-signal ratio) of 9.0% for non-triggered
sequences (non-triggered was used in our study), with

FIGURE 4. Volume rendering of velocity magnitude of all
four subjects near systole.
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an average difference between measured ﬂow and real
ﬂow of 8.3%, in a phantom model.42,45
MATLAB (MathWorks, Natick, MA) was used to
generate VA perfusion territory maps. A posterior
perfusion fraction mask was computed from the ratio
of VA to total perfusion in each voxel (Fig. 5, Row 2).
The left-right perfusion image was multiplied with the
posterior perfusion fraction mask on a voxelwise basis
to suppress ICA contribution to left-right structure,
leaving only the left-right structure of VA perfusion.
Using anatomical T1 slices taken at the same location
as VEPCASL slices, four regions of interest (ROIs)
comprising the left and right cerebral and cerebellar
hemispheres were manually deﬁned. For each ROI, the
VA supply fraction was quantiﬁed as the cumulative
VA perfusion to total perfusion within that ROI
(Fig. 5, Row 4). The error of the supply fraction is
estimated to be 11%.18 The reproducibility of ASL is
reported to be approximately 3.5%.7
Phase-contrast MRI data was ﬁrst processed using
MATLAB by subtracting a baseline (known zero
velocity) from the image. Each VA was isolated from
the image (cropping), and all voxels below a threshhold
velocity of 1 cm1s1 were discarded to isolate the VA
from surrounding tissue. The velocity was integrated
over this region to obtain the time-averaged volumetric
ﬂow rate of each VA. The values found correlate to
published values.52,53

Particle Tracking Simulation Methods
Using the simulated velocity ﬁelds, mass-less tracer
particles were advected through the ﬂuid domain using
a customized Lagrangian particle tracking code
(Fig. 6).39,41 For this study, it was assumed that mixing
due to diffusion was negligible due to the large ratio of
advection to diffusion and that particles did not
interact with each other.
Approximately 1000 uniformly spaced tracer particles were seeded at each VA inlet for each 1/50th of one
cardiac cycle. Final tracer positions were computed by

FIGURE 5. Vessel-encoded pseudo-continuous ASL perfusion maps. Row 1: Total perfusion.Row 2: Perfusion of ICAs
(blue) and VAs (yellow). Row 3: Perfusion of right ICA/VA
(green) and left ICA/VA (red). Row 4: right (green) and left (red)
VA perfusion.
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FIGURE 6. Results of vertebrobasilar flow simulation demonstrating relatively little VA mixing in the BAs or PCAs of (a) subject 1,
(b) subject 2, (c) subject 3, (d) subject 4.

FIGURE 7. Percentage of ipsilateral flow for each subject over the four regions of interest for both simulated and experimental
results.

numerically integrating the CFD-derived velocity data
using a Runge-Kutta-Fehlberg scheme and linear
interpolation. Particles were integrated for ten cardiac
cycles to ensure that most seeded tracers reached the
outlets; a small minority of tracers that did not reach
the outlets due to near-zero velocity near walls were
discarded. Particle quantity and ﬂux were summed at
each of outlet and mapped to the four ROIs. Tracers

were weighted by initial ﬂux to accurately use each
particle as a representation of a discrete volume of
ﬂuid.
Each outlet of the model was assigned to one of the
four deﬁned ROIs based on its location. The ﬂux
weighted quantities of all particles for all outlets of a
particular region were summed to compute the total
contribution of a particular VA to that region.
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Particle Tracking Perfusion Results and Comparison to
MRI
The laterality of VA perfusion as measured by ASL
and computed by simulation for each subject is summarized in Table 2, listing left and right VA contributions to the cerebellum and cerebrum hemispheres.
A bar chart of the ipsilateral ﬂow contribution to each
region is shown in Fig. 7.
In the left and right cerebellar hemispheres, simulations revealed 7/8 hemispheres were perfused predominantly by the ipsilateral VA while 53% of the ﬂow
to the remaining hemisphere was supplied by the
contralateral VA supply. Of all 8 cerebellar hemispheres, an average of 87 ± 19% of the ﬂow was
supplied by the ipsilateral VA. Experimentally, 6/8
cerebellar hemispheres were perfused predominantly
by the ipsilateral VA, 1/8 hemispheres was supplied
equally by both VAs, and the remaining hemisphere
was completely perfused by the contralateral VA.
Additionally, the experimental results show that
61 ± 28% cerebellar hemisphere perfusion ﬂow was
supplied by the ipsilateral VA.
Because of the variant anatomy of subject 4, who
had a diminutive right PCA owing to fetal conﬁguration, only 7 cerebral hemispheres could be evaluated
using simulation. Of the 7 cerebral hemispheres considered, 5 (71%) were primarily supplied by the ipsilateral VA (matching experimental data in 5/5 cases).
1/7 had slight contralateral dominance (56% contralateral perfusion, subject 2, right cerebrum), which
matched well with the experimental data (46% contralateral perfusion) despite reverse laterality. 66% of
the ﬂow to the remaining cerebral hemisphere (subject
1, right cerebrum) was supplied by the contralateral
VA, which did not match the laterality of experimental
data (experimentally, only 38% of the ﬂow to this
hemisphere was from the contralateral VA).
In addition to quantifying VA supply to the cerebellar
and cerebral hemispheres, laterality of the VA supply to
the SCAs, AICAs, and PICAs was characterized. In the

455

subjects with appropriate vasculature, 62 ± 32% of the
ﬂow was supplied to the SCAs (the furthest cerebellar
artery downstream of the VA-BA conﬂuence) by the
ipsilateral VA. Both the AICAs and PICAs had virtually
complete ipsilateral VA supply, with 99.5 ± 0.6% and
100 ± 0% ipsilateral supply, respectively. While dominant ipsilateral supply to the SCAs may not be intuitive,
the dominant ipsilateral supply to the AICAs makes
sense due to their location just downstream of the
VA-BA conﬂuence. The PICAs are located on the VAs
upstream the VA-BA conﬂuence, so it naturally follows
that they are completely supplied by the ipsilateral VA.
Table 3 summarizes the ipsilateral VA contributions to
the brain.
Whole brain perfusion is calculated as the ratio of
unilateral VA supply to overall VA supply. This data is
calculated based on the time-averaged ﬂow rate
assigned to the VAs as an inﬂow boundary condition.
The value used for the numerical simulations was derived
from the PCMRI data, as described in Fig. 5. An average of 58 ± 5% of perfusion to the whole brain was
supplied from the dominant VA in simulation, compared
to 57 ± 7% in experiment, showing little dominance of
the VAs. All subjects had primarily left VA perfusion to
the whole brain, matching experimental data.
VA perfusion to the cerebellar hemispheres are
highly ipsilateral in most subjects, as shown in Fig. 8.
VA perfusion to the cerebrum is less markedly ipsilateral than to the cerebellum, but mixing of ﬂow
streams from the right and left VAs is minimal, as
shown in Fig. 8. At the conﬂuence of the VAs, left and
right VA contributions remain relatively unmixed.
Some mixing starts occurring approximately 70% of
the BA length downstream of the conﬂuence.

Sensitivity Analysis
To determine the sensitivity of results to changes in
the outﬂow boundary conditions, the resistance of a
large outlet in the right cerebral region of subject 1 was

TABLE 2. Simulation and experimental vertebral artery contributions to cerebellum and cerebrum.
Cerebellum

Subject 1
Subject 2
Subject 3
Subject 4

Cerebrum

Whole brain

VA
supply

L, Sim
(%)

L, Exp
(%)

R, Sim
(%)

R, Exp
(%)

L, Sim
(%)

L, Exp
(%)

R, Sim
(%)

R, Exp
(%)

Sim
(%)

Exp
(%)

Left
Right
Left
Right
Left
Right
Left
Right

66
34
100
0
98
2
99
1

50
50
85
15
82
18
85
15

0
100
53
47
0
100
16
84

39
61
100
0
35
65
38
62

66
34
59
41
59
40
76
24

51
49
86
14
79
21
51
49

66
34
56
44
23
77
N/A
N/A

38
62
46
54
34
76
31
69

59
41
64
36
51
49
57
43

52
48
67
33
56
44
53
47
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TABLE 3. Ipsilateral VA contributions, computed from particle tracking, to the left/right superior cerebellar, anterior inferior
cerebellar, and posterior inferiror cerebellar arteries.

Subject
Subject
Subject
Subject

1
2
3
4

LSCA (%)

RSCA (%)

LAICA (%)

RAICA (%)

LPICA (%)

RPICA (%)

54
100
80
51

95
3
37
74

100
N/A
99
99

100
N/A
99
100

100
100
100
100

N/A
100
100
100

LCS

FIGURE 8. Particle advection through the vertebrobasilar
system. Blue particles seeded at left VA, green seeded at right
VA.

varied ±10%, and other resistances were adjusted
accordingly to satisfy conservation of mass. These two
variations were then simulated using the same procedures used in the nominal cases.
The ipsilateral ﬂow to each region in subject 1 was
within 1.2% of nominal value for both cases. These
results indicate that results were not sensitive to
changes in a single outﬂow boundary condition relative
to the others.

HEMODYNAMICS OF THE BASILAR ARTERY
While the MRI ﬁndings provide overall perfusion
numbers to diﬀerent regions of the brain, they cannot
readily provide insight into local hemodynamics or
mixing mechanisms. To provide a mechanistic explanation for the observed lack of mixing, we use two
approaches. First, LCS are computed from the particle
advection simulations. This provides a method for
visualizing unsteady ﬂow ﬁelds and provides a physical
understanding. Second, we further quantify the mixing
using a convection diﬀusion solver, to extract a single
mixing measure, using either a variance or mix-norm.
Qualitative observation reveals that VA blood remains
unmixed in the BA for approximately 2/3 to 3/4 of the
length of the BA. Mixing downstream is relatively
minor, as shown in the right SCA of subject 3 (Fig. 6).
In subjects 1 and 2 there is an apparent helical ﬂow
through the BA to the SCAs.

Using the particle advection ﬁelds, LCS were computed using Finite-time Lyapunov exponents (FTLE)
to illustrate the mixing characteristics in the ﬂow ﬁeld,
using methods described in Shadden et al.40 The FTLE
was computed over an integration step of 0.1 seconds
with a resolution of 300 particles per centimeter (27
million particles per cubic centimeter). At the conﬂuence of the VAs, the FTLE was computed with reverse
time (giving insight into converging particles), whereas
at the bifurcation forward time was used (giving
insight into diverging particles).
The FTLE is deﬁned as
1
lnkmax ðSðx; t; sÞÞ
2jsj

ð1Þ

 tþs
T  tþs

d/t ðxðtÞÞ
d/t ðxðtÞÞ
dxðtÞ
dxðtÞ

ð2Þ

rðx; t; sÞ ¼
where
Sðx; t; sÞ ¼

is a ﬁnite-time version of the right Cauchy–Green
deformation tensor and kmax ðSðx; t; sÞÞ denotes the
maximum eigenvalue of the linear operator Sðx; t; sÞ.39
s is the time interval which the velocity ﬁeld is integrated to get the ﬂow map /tþs
: xðtÞ7!xðt þ sÞ.
t
Figure 9 shows the Finite-time Lyapunov exponents
computed for subject 1. The red FTLE ‘‘ridge’’ deﬁnes
an LCS, which is a material boundary separating ﬂow
with distinct origin (backward time FTLE) or distinct
destination (forward time FTLE). In the forward-time
computations of the bifurcation, areas of greater
magnitude (red) illustrate greater separation between
neighboring particles, which e.g. indicates the boundary between ﬂow streams to the left and right PCAs. In
the reverse-time FTLE, areas of greater magnitude
illustrate greater convergence (or divergence in backward time), which e.g. indicates the boundary between
ﬂow streams from the left and right VAs. The plots
show distinct ﬂuid regions, in both the converging and
diverging sections, which qualitatively conﬁrms the
lack of mixing. These results demonstrate lack of
mixing local to the conﬂuence and bifurcation of the
BA. The LCS clearly shows regions of the ﬂow which
are destined for particular vessel branches. The third
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slice from the top in Fig. 9 shows a green region in the
center of the BA. The second slice from the top shows
that region being elongated, and the top slice shows
that region branching off to the subject’s right PCA.
Convection Diﬀusion and Mix-Variance
While LCS can provide mechanistic insight, and
indeed conﬁrms the lack of mixing observed in MRI, it
is diﬃcult to reduce these results to a single quantitative measure of mixing. For this purpose, we solve an
additional convection diﬀusion equation as a postprocessing step using the simulation results. The convection-diﬀusion equation models the convection and
diﬀusion of a scalar in a velocity ﬁeld. In this study, a
tracing scalar was used to trace blood from the left and
right VAs. The convection-diﬀusion equation is
@/
¼ j 52 /  v  5/
@t

ð3Þ

where / is a scalar quantity of interest, j is the diﬀusion coeﬃcient, and v is the convection velocity vector
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derived from simulation. This equation was solved on
the same mesh as the hemodynamic simulations using
an in-house code. The convection-diffusion code uses a
Streamline Upwind/Petrov-Galerkin formulation with
a generalized a-method time integration scheme.5 A
diffusion coefﬁcient of j = 107 cm2 s1 was used.8
The convection velocity was was equal to the ﬂuid
velocity from the Navier–Stokes simulations. Dirichlet
boundary conditions of / = 1 and / = 0 were
assigned uniformly at the left and right vertebral inlets.
The scalar, /, was allowed to diffuse for 5 cardiac
cycles, with uniform 1 ms timesteps.
Slices of the concentration ﬁeld perpendicular to the
path originally used to create the BA were created
using an automated Paraview (Kitware, Inc, Clifton
Park, NY) script with a uniform spacing of 0.25 mm.
The unstructured 2D slice data was transformed to a
regular grid. Of the points on the regular grid where
valid data existed (inside the conﬁnes of the vessel
lumen), both variance and mix-variance were computed and plotted as a function of distance along the
BA. The variance is deﬁned as:

FIGURE 9. Slices of the forward and backward Finite-time Lyapunov exponents (FTLE) of subject 1.
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r2 ¼

N
1X
ðci  cÞ2
N i¼1

ð4Þ

where N is the number of valid samples, ci is the
scalar value of the ith sample, and c is the mean of the
scalar ﬁeld. In the case of variance, the scalar ﬁeld
domain was mapped to a 2D rectilinear grid, and the
nodes of the grid were sampled. The variance is deﬁned
as the square of the standard deviation and is proposed
as a measure of mixing in Mathew et al.34 However, in
Mathew et al.,34 one of the stated limitations mentioned is that the mixing can only be measured where
sufﬁcient particles accumulate. We address this concern using the continuous scalar ﬁeld instead of using
particle tracking. In the context of our study, a ﬁeld
containing an equal unmixed portion of both red-tagged (c = 1) and blue-tagged (c = 0) ﬂuid represents a
variance of 0.25, which we have normalized from zero
to one. The mix-variance, deﬁned in Mathew et al.,35
builds on the standard variance by averaging the
standard variance computed over different mesh sizes.
Mix-variance accounts for mixing over a range of
spatial scales, whereas standard variance only considers mixing on a single scale. Mix variance was computed for subject 1 and compared to standard variance
(Fig. 10), with little difference.
Measures of mixing for all subjects are shown in
Fig. 11 as a function of distance along the BA from the
conﬂuence to the bifurcation. Since variance and mixvariance gave similar results, variance was used as the
mixing measure for all subjects. The normalized variance decreased from a quantity of 1 (unmixed) to a
quantity of less than 0.1 (more mixed). There is a
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roughly linear relationship between location along the
BA and the variance.
DISCUSSION
This study explores the mechanisms of mixing in the
basilar artery using unsteady, subject-speciﬁc ﬂow
simulations, and provides a direct and quantitative
comparison between novel MR perfusion imaging
methods and subject speciﬁc CFD modeling. Local
hemodynamics and mixing were quantiﬁed using LCS
and a convection diﬀusion model to compute measures
of mixing.
Simulation results conﬁrmed an overall lack of
mixing of the blood supplies from the two vertebral
arteries into the BA, as well as in the cerebellar and
cerebral hemispheres. Simulation predictions of cerebellar mixing agree well with experimental data in a
global sense. The prediction of laterality of the dominant VA supplying each hemisphere was consistent
with the experimental data. However, the actual
average amount of ﬂow provided to all cerebellar
hemispheres by the ipsilateral VA did not agree well
with experimental ﬁndings (87 ± 19% vs. 61 ± 28%).
In addition, close agreement was found between
experimental whole brain data, with VEPCASL ﬁndings, and the simulation whole brain data, based on
phase-contrast MRI (PCMRI), which suggest that the
PCMRI data and our method of extracting the volumetric ﬂow rate is consistent with the VEPCASL data.
In all cases, laterality in simulation and experimental
data were well matched, with the exception that the left
cerebellar hemisphere of Subject 1 did not have any
dominant VA perfusion in the experimental data.

Normalized variance and mix−variance for subject 1
1
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CFD results identify the presence of two weakly
mixed streams of ﬂow that persist for most of the
length of the BA. This study conﬁrms a surprising
prior ﬁnding that there is relatively little mixing in the
BA, and that this persists to certain regions of the
brain. Quantiﬁcation of VA perfusion to the cerebral
ROIs shows somewhat more mixing than in the cerebellar ROIs. As this unmixed portion of the BA is the
site of origin of most of the cerebellar arteries, this
CFD ﬁnding lends credence to the hypothesized
physical mechanism for the lack of mixing proposed in
previous ASL MRI studies. Because the previous MRI
studies did not examine local hemodynamics in the
basilar artery, the prior work could only speculate that
there were two distinct streams of ﬂuid in the basilar
artery, with little mixing. The simulations presented
here ﬁll this gap, at least qualitatively, and conﬁrm the
previous hypothesis.
The LCS results from subject 1 (Fig. 9) reveal the
bilateral ﬂow structures from the left and right vertebral arteries. They also show the distinct ﬂow structures that result from the bifurcation and surrounding
arteries at the end of the basilar artery.
By utilizing particle tracking to determine particle
perfusion, advection paths can be visualized to diﬀerent outlets of the model. By visualizing particles in this
manner, potential targeted drug delivery injection sites
could be identiﬁed. For example if one wanted to inject
a drug targeted to the right cerebellar region, these
ﬁndings would indicate that it should be injected in the
right VA. Arteries or regions of interest can be mapped
to areas where drug injection may be possible, and
appropriate concentrations could be computed. This
should be an area of future work.
While global mixing and laterality agreed very well,
there were discrepancies in comparisons at the level of
individual vessels. Discrepancies between experiment
and simulation may result from diﬀerences in ROI
deﬁnition, which is the main limitation of this study.
ROIs used in VEPCASL analysis are easily deﬁned
based on anatomical T1-weighted MR images. Similar
analysis in the CFD domain requires unique assignment of individual arterial outlets to corresponding
anatomical ROIs, though it is possible these assignments are imperfect due the limited resolution of the
MRA data. It is likely that due to vessel branching
beyond the limits of MRA resolution, a single outlet
may actually supply more than one ROI. This may
explain why most data points have very close agreement, while a few data points in individual vessels
deviate signiﬁcantly from experimental values.
Additional limitations of this study are uncertainties
in the inﬂow and outﬂow boundary conditions, and the

459

use of a rigid wall approximation. While the lack of
time-varying phase-contrast MRI data for inlet
boundary conditions has been addressed by using a
literature-derived VA waveform, this data is not
patient speciﬁc. Outlet resistance boundary conditions
are based on the outlet areas, which could be subject to
variability. Furthermore, the use of RCR (Resistance–
Capacitance–Resistance, or Windkessel) boundary
conditions may be more physiological than the resistance conditions used here, as they allow for better
prediction of the pressure waveform.44 The sensitivity
study provided additional conﬁdence in the robustness
of simulation results to small changes in boundary
condition values. However, a full uncertainty quantiﬁcation should be performed in future work following
the methods presented in our recent work,37 and this
analysis should incorporate the uncertainties in the
MRI measurements. The use of rigid walls has been
shown to overestimate wall shear stress compared to
the non-rigid case,24 however, wall shear stress is not a
parameter of interest in this study. The same study
showed little difference in ﬂow distribution between
rigid and non-rigid cases, which supports the use of
rigid walls in the present study.
The primary purpose of the study was to increase
understanding of the mixing (or lack thereof) in the
BA. The secondary purpose of this study was to perform a quantitative comparison between VEPCASL
and CFD. Overall, our results conﬁrm the prior
hypothesis that little mixing occurred in the BA.
Agreement between CFD and MRI was mixed,
showing promise for the continued use of CFD to
explain physical phemonemon and match global values, but room for improvement in making detailed
predictions in individual vessels. We maintain that
detailed hemodynamic information, such as LCS and
mix-variance, may be obtained from CFD simulations
that is diﬃcult or impossible to obtain experimentally
or in standard clinical imaging. Additionally, hypothetical scenarios could be evaluated in future work,
such as targeted drug delivery or the eﬀects of cerebrovascular disease on blood mixing.
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