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Abstract Platelet activation is a precursor for blood clotting, which plays leading roles in many vascular complications and causes of death. Platelets can be activated by
chemical or mechanical stimuli. Mechanically, platelet activation has been shown to be a function of elevated shear
stress and exposure time. These contributions can be combined by considering the cumulative stress or strain on a
platelet as it is transported. Here, we develop a framework for
computing a hemodynamic-based activation potential that is
derived from a Lagrangian integral of strain rate magnitude.
We demonstrate that such a measure is generally maximized
along, and near to, distinguished material surfaces in the flow.
The connections between activation potential and these structures are illustrated through stenotic flow computations. We
uncover two distinct structures that may explain observed
thrombus formation at the apex and downstream of stenoses.
More broadly, these findings suggest fundamental relationships may exist between potential fluid mechanic pathways
for mechanical platelet activation and the mechanisms governing their transport.
Keywords Clotting · Hemodynamics ·
Lagrangian coherent structures · Stenosis · Thrombosis ·
Transport

1 Introduction
As platelets are transported, they are continuously stretched,
compressed and sheared by local gradients in the flow. Exposure to elevated gradients can cause platelets to actively react
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with conformational, chemical and enzymatic responses,
that is, becoming activated. Once switched to the activated
state, platelets perform multifaceted roles to orchestrate clotting. Here, preliminary work related to the possible origins
of mechanical activation, and relation to fundamental fluid
mechanic structures, is discussed.
Mechanically induced platelet activation under pathological conditions has been studied since the late 1970s. Colantuoni et al. (1977) and Ramstack et al. (1979) showed that
platelet activation is a function of elevated shear rate and
exposure time. Hellums (1994) developed a locus of platelet activation on a shear stress-exposure time plane that has
been a standard for mechanical platelet activation threshold.
Other studies have furthered understandings into mechanical
platelet activation and its role in thrombosis, see, for example, recent studies of Nesbitt et al. (2009), Rubenstein and
Yin (2010), Sheriff et al. (2010).
Most inferences between platelet activation and shear
stress have been based on bulk quantities under uniform flow
conditions. Experimental systems are typically devised to
provide precise level of wall shear stress (WSS) for a certain duration. While such experiments provide evidence of
mechanical activation of platelets, the relevance of these findings must be translated to understanding more complex biomechanical processes occurring in vivo.
The stresses acting on a platelet change over space and
time as the platelet is advected, and WSS may only be marginally related to the stresses that platelets experience. Bluestein
et al. (1997) introduced a level of activation parameter for a
platelet, defined as  τ̄ × t, where τ̄ is the average shear
stress in a subset of a vessel (e.g., voxel of a discretized
domain) and t is the exposure time of a platelet in that voxel.
The sum is over all voxels the platelet passes through during a
specified time interval. Other works have introduced similar
trajectory-based activation models (Tambasco and Steinman

123

468

S. C. Shadden, S. Hendabadi

2003; Alemu and Bluestein 2007; Nobili et al. 2008). It is
partly these works that we build on and partly previous work
of Shadden and Taylor (2008) describing coherent structures
in cardiovascular flow.
Previous activation parameters have been defined from a
component of the stress tensor (e.g., τr z ), or an average of various components of the stress tensor (Alemu and Bluestein
2007). Stress is a vector defined in terms of a reference plane.
It is often not clear what reference plane should be used in
a complex flow. In general, a platelet experiences a spectrum of elongation and shear stresses as it is transported, and
the dominant components may change quickly and unpredictably. Here we introduce a new activation parameter. We
consider a direction-independent measure of all independent
deformation components. This measure is introduced as an
activation potential (AP) in two senses. First, it provides a
measure of mechanical strain, which has been shown to have
the potential to activate platelets. Second, it is plotted at the
initial location of the platelets. This latter condition is subtle,
but it enables us to uncover an interesting observation that
locations of highest AP tend to occur along structures that
have important implications to the transport topology; this
observation is the central point of this article.

2 Method
2.1 Activation potential
Herein, blood is modeled as a fluid and a platelet (≈ 2 µm
diameter) as a fluid element. While blood is more properly
characterized as a suspension, due mainly to the presence
of red blood cells, modeling blood as a fluid is considered
reasonable in vessels larger than 0.1 mm diameter (Cokelet
1972). Indeed, it is typically in vessels with diameter >1 mm
where secondary flow structures develop that are hypothesized to influence platelet activation and aggregation. The
features we seek to discuss result from fluid dynamics. Due
to their scale and robustness, these structures likely persist
through variations introduced by cellular interaction in the
larger vessels for the moderate and higher strain rates shown
to induce mechanical platelet activation.
From the fluid mechanic standpoint, the deformation of
a platelet results from the symmetric portion of the velocity
gradient, that is, the rate of strain/deformation tensor
e(x, t) =


1
∂x u(x, t) + ∂x u(x, t) ,
2

(1)

whereas the antisymmetric part, that is vorticity tensor
(x, t) =
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1
∂x u(x, t) − ∂x u(x, t) ,
2

(2)

is responsible for rotation.1 The rate of deformation tensor
is related to the local stress tensor in the fluid through a constitutive equation. The Newtonian approximation s(x, t) =
2μe(x, t), where s is the viscous stress tensor and μ is the
kinematic viscosity, is considered reasonable in blood flow
where rates of deformation are sufficient to dominate cellular interaction, for example, ||e|| > 100 s−1 (Pedley 1980).
Depending on flow conditions, different viscosities or constitutive models can be used (Cho and Kensey 1991). While
there is some uncertainty to the precise rheological properties
of blood, force and deformation are monotonically related.
Therefore, following normal convention, the roles of stress or
strain rate can be viewed interchangeably, and the mechanical activation of platelets can be seen as originating from
force or deformation. This view is consistent with hypotheses of mechanotransduction on cellular elements (Wang et
al. 1993), where force-induced deformations result in cell
signaling.
Wall shear stress (WSS) is predominantly used to identify
“unfavorable” hemodynamic conditions. Several measurements have shown that platelet density increases near the wall
for fully developed flows. However, for complex flow associated with medium to large vessels, especially those that are
diseased, this assumption may break down. Platelet activation may occur over the entire domain, not just at the wall, and
hence WSS may only be marginally related to platelet activation under disturbed flow conditions. Defining a shear stress,
or any stress, at a platelet is not well posed, since no obvious reference plane may exist. One could define a stress, or
rate of deformation, distribution over the platelet surface, but
consistent with our continuum assumption, we consider the
magnitude of the total rate of deformation acting on a platelet.
We introduce an AP for a platelet at position x0 = x(t0 )
at time t0 as α(x0 , t0 ; t):
t
e(x(s), s) F ds,

α(x0 , t0 ; t) =

(3)

t0

where x(s) on the right-hand side is evaluated along the platelet’s trajectory. The integration time is considered a parameter. While several operator norms are possible, the Frobenius
norm is chosen since this norm weighs each singular value
of e. That is,

e F = tr(e e)
(4)

2
= tr(e )
(5)

= σ12 (e) + σ22 (e) + σ32 (e),
(6)
where σi (e) are eigenvalues of e. Thus, all principal rates of
deformation (and hence principal stresses) are considered in
defining AP. Alternatively, it can be shown
1

Herein vector and tensor valued functions are set in bold face.
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ei2j .

(7)

on more than just the magnitude of the rate of deformation
tensor e. Even in the absence of vorticity,

i=1 j=1

Since the diagonal entries of e denote the 3 independent rates
of linear deformation and the off diagonal entries denote the
3 independent rates of angular deformation, this definition
represents a direction-independent measure of all independent deformation components, not just angular deformation
or shear stress. This is motivated by previous experimental
evidence that demonstrated platelet activation can occur from
either tangential or normal stress (Purvis and Giorgio 1991).
2.2 Relationship of AP to FTLE and LCS
If α is plotted at the initial location of the platelets, then
the AP is generally maximized along distinct material surfaces, otherwise known as repelling LCS (Lagrangian coherent structures), cf. Sect. 3. LCS have a rich background in
dynamical systems theory and the study of fluid advection;
see Shadden (2011) for a review. LCS are intrinsic objects
that organize fluid advection patterns in wide-ranging laminar and turbulent flows. Heuristically, attracting/repelling
LCS are defined as the locally most attracting/repelling material surfaces in the flow (Haller and Yuan 2000). Thus, in
addition to their role in organizing transport, we may expect
the deformation of platelets along such material surfaces to
be maximized and hence their potential for activation.
Understanding the connection between AP and LCS more
closely requires precise definition of LCS. Research into how
LCS are best defined mathematically, or computed practically, in comparison with empirical evidence is ongoing. LCS
are often computed as surfaces that locally maximize a finitetime Lyapunov exponent (FTLE) measure (Shadden et al.
2005; Lekien et al. 2007). The FTLE measures the maximum
averaged logarithmic deformation rate of a fluid element over
time. Since the FTLE is the de facto method to compute LCS,
the relationship between the FTLE and the AP is derived in
the “Appendix”.
Specifically, the FTLE, λ, is defined by considering the
maximum deformation of a perturbation ξ from a trajectory
x(t) from time t0 to t, that is,
λ(x0 , t0 ; t) =

ξt
1
.
ln max
|t − t0 |
ξ0
ξ0

(8)

As shown in the “Appendix”,
ξt
ξ0

t
=
t0

ξ̂ t · e(x, s) ξ̂ 0 − 0.5 ω(x, s) cos φ sin ψ ds
(9)
+ cos ψ,

where ω is the vorticity vector and the angles φ and ψ are
defined therein. From Eq. (9) it is clear that the FTLE depends

ξt
ξ0

t
=

ξ̂ t · e(x, s) ξ̂ 0 ds + cos ψ,

(10)

t0

the FTLE depends on how the rate of deformation tensor
rotates line elements. In the computation of the AP, all rotational information is essentially discarded since the magnitude of the rate of deformation tensor is accrued at each time
step of the integration. In the computation of the FTLE however, the deformation magnitude is computed not at each step,
but at the end of the integration interval, whereby rotation of
the strain rate eigenvectors may contribute to the measured
deformation magnitude.
Continuous deformation, even if resulting in zero or little
net deformation, can induce mechanotransduction. Therefore, the computation of integrated deformation in Eq. (3)
is preferred to the deformation measure in Eq. (8) for the
purpose of studying mechanically induced platelet activation. However, even though the FTLE and AP are distinct
quantities, both tend to be locally maximized along LCS, as
shown below. Indeed, various methods to identify LCS exist
since no single definition has proven satisfactory over the vast
spectrum of complexity encountered in fluid flow. Although
the spatial distribution of the FTLE is usually accurate and
robust, other related “stretching measures” are known to be
more or less effective in identifying similar structures (Aurell
et al. 1997; Lapeyre et al. 2001). The important observation
herein is that LCS tend to locally maximize mechanical strain
hypothesized to affect platelet activation, which we will demonstrate next through stenotic flow data.

3 Results
Stenotic flow conditions are important to thrombosis, especially in the coronary arteries. A simplified model of a coronary stenosis (Fig. 1) was used for demonstration of the
AP computation. The native vessel diameter and volumetric flow data were based on canine left anterior descending
(LAD) artery data from LaDisa et al. (2002). The stenosis
geometry, originally from Young and Tsai (1973), has been
used extensively in previous studies and corresponds to an
area reduction of 82.5 %.
A computer model was constructed using a customized
version of SimVascular (Schmidt et al. 2008). The model
was discretized into approximately 2.74 million tetrahedral
elements with nominal edge size 100 µm. This edge size is
close to the Kolmogorov microscale, although no turbulence
was observed. The flow waveform in Fig. 1 was mapped
to a Poiseuille cross-sectional profile and imposed at the
inlet, which was 5 diameters from the start of the stenosis.
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Fig. 1 Stenosis profile and physiologic volumetric inflow waveform

A resistance boundary condition was imposed at the outlet
with resistance R = 18.19 g mm−4 s−1 , calculated from
p̄ = Q̄ R using the mean flow rate Q̄ from the inflow
waveform and a mean physiologic blood pressure p̄ of 100
mmHg. A no slip condition was imposed on the vessel
wall.
Blood was modeled as an incompressible, Newtonian fluid
(ρ = 1.06 g cm−3 , μ = 0.04 g cm−1 s−1 ). The Navier
Stokes equations were solved using a second-order accurate,
stabilized finite element method based on works of Shakib
et al. (1989), Taylor et al. (1998), Jansen et al. (2000) and
others, which has been used and validated extensively for
hemodynamic simulations. The simulation time step size of
1.3 × 10−4 s was based on CFL < 1. Six cardiac cycles were
computed to ensure convergence, and the last three cycles
were used for analysis. The peak Reynolds number at the
inlet (based on the average velocity over the inlet at peak
flow rate) was Redi = 142, and similarly the Reynolds number during peak flow at the stenotic throat was Reds = 340.
Previous studies using the stenosis in Fig. 1 have
primarily been restricted to 2D. The model used herein
was constructed manually. This produced slight geometrical asymmetries resulting in a flow field that was 3D, which
is more consistent with physiologic conditions than a perfectly symmetric vessel. Moreover, this distinction is important since some methods or phenomena in 2D flow analysis
or topology cannot be easily extended or observed in 3D. In
addition, unlike previous studies, a physiologic pulsatile flow
wave was prescribed since the introduction of unsteadiness
to the velocity field is also a defining characteristic in how
the flow topology should be studied. That is, Eulerian methods used previously are most appropriate for understanding
the transport topology under steady conditions, but can be
inadequate otherwise.
Velocity data at four instances in a cardiac cycle are shown
in Fig. 2. A core jet is observed through the stenotic throat
that extends several diameters distally and is surrounded by
regions of recirculation. At these times, the strain rate fields
are also shown. High rates of strain are confined to the proximal wall of the stenosis and the shear layer between the fluid
jet and the recirculation zone in the separated region. Maximum strain rates reaching 10,000 s−1 were highly localized
to the stenotic throat; a reduced color range was used however
to aid visualization of elevated values.
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The AP field was calculated from the flow data, and the
results at several instances during the cardiac cycle are shown
in Fig. 3. Due to the difficulty in visualizing the full 3D field,
and the fine scale of the Lagrangian structures present, an
arbitrary longitudinal cross-section of the AP field is shown
so that the region in proximity to the stenosis could be better visualized. High values of AP are mostly localized along
distinct surfaces (curves in the cross-sectional view). Upon
close inspection of the fields, there is a persistent proximal
structure of high AP that terminates near the apex of the
stenosis and a more wide-ranging structure that terminates
distal to the stenosis. These two structures are more easily
distinguished from the AP field of a 2D simulation, where all
geometrical parameters and boundary conditions were equivalent to the 3D simulation, as shown in the top row of Fig. 4.
The values of AP along the proximal structure were generally higher than along the distal structure. The distal structure
behaves as a “heteroclinic manifold” that entrains fluid into
the recirculation region (Shadden et al. 2006). The proximal
structure is dominated by shear, but also exhibits a separatrix nature, separating fluid that accumulates at the apex of
the stenosis from that flushed downstream, as shown in the
bottom row of Fig. 4.
Due to the asymmetry of the flow, the cross-sections
shown in Figs. 3 and 4 may not exactly transverse maximal
AP surfaces, that is, LCS. The more tangent the cross-section
is to the structure, the thicker the structure may appear. This
may be most apparent in the recirculation region distal to the
stenosis where azimuthal velocities become non-negligible.
In addition, from Fig. 4 it is clear that more mixing and complexity of the flow are encountered in 3D than 2D, as might
be expected.

4 Discussion
From Fig. 2, the maximum values of strain rate occur along
the proximal wall of the stenosis, at the throat, and the
shear layer between the fluid jet and recirculation region.
The strain rate values observed in these regions range from
1,000 to 10,000 s−1 ; these levels are in the range considered
sufficient for platelet activation (Hellums 1994). Although
the strain rate or similar Eulerian fields are widely used to
characterize flow conditions, it is difficult to assess what
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Fig. 2 Velocity (left) and strain rate (right) fields at equally spaced times in the cycle. Velocity vectors are shown at a random sampling (<1 %) of
the nodes

Fig. 3 Cross-section of the activation potential field near the stenosis. Location in reference to vessel is shown upper-right and vertical axis in
each plot is scaled ×2

Fig. 4 AP field for a 2D simulation (top left) and extracted structures
(top right). The proximal structure is dominated by shear but also separates flow that accumulates near the apex, as shown for the 3D simulation
in the bottom row. The starting locations of two groupings of particles

(appearing as one point due to their proximity) are initially divided by
the proximal structure in 3D AP field (bottom left). The later locations
are plotted after 1 cardiac cycle of time had elapsed

happens to platelets passing through high strain rate regions
by visualizing snapshots of instantaneous Eulerian information. Specifically, one is compelled to question whether such
platelets are immediately advected downstream or tend to
become entrained into the recirculation zone; either situation could have distinct consequences to the development
of mural thrombus. To understand the accumulated strain
on each fluid element as it is advected, the AP computation

in Eq. (3) is performed. This measure helps to determine
the platelets most likely to become activated by mechanical means. Interestingly, high values of AP coincide with
distinct material surfaces. Notably, the distribution of AP is
organized by fundamental features in the flow that also organize the transport topology. This observation helps uncover
what happens to these platelets as they are transported,
which is discussed next. It is important to keep in mind that
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since AP is plotted at the initial particle locations, high AP
corresponds to particles that will subsequently experience
the highest integrated strain.
The distal structure highlighted in Fig. 4 can be considered an attachment profile or a boundary between the fluid
that recirculates from that continuing downstream. Tracing
this curve from right to left (upstream), it loops progressively back and forth. Proximal to the stenosis, this looping traces out lobes of fluid in the near-wall region where
elevated strain rate is observed. These lobes contain precisely the fluid that is entrained into the recirculation region
downstream of the stenosis. On the downstream side, the
structure forms bounded lobes. This occurs because the
LCS is a material surface and therefore cannot self-intersect.
Therefore, lobes on the distal side of the stenosis become
confined by previous segments of the structure, see, for
example, the curling of the bounded segment of the distal
structure in the top right of Fig. 4. This bounding of the structure creates a region of high AP distal to the stenosis, which
may promote platelet aggregation. Specifically, these features may help explain the biomechanics underlying observations of thrombosis downstream of stenoses (Nesbitt et al.
2009), which are currently based on a hypothesis of a “shear
gradient” mechanism, which ignores important transport processes that are uncovered here. We observe that platelets with
elevated AP tend to be entrained into the recirculation region,
than advected downstream. This may significantly increase
the likelihood of aggregation in the downstream region. It is
important to point out that platelets can be detrained from
the recirculation region. To understand the detrainment, one
must also compute attracting LCS, cf. Shadden et al. (2007).
The proximal structure revealed in the AP plots, and highlighted in Fig. 4, has generally higher AP values than the distal structure and is primarily shear dominated. This structure
is located approximately 80–100 µm away from the wall,
which is large compared to the size of a platelet. Therefore,
maximum integrated shearing occurs on platelets away from
the wall. Interestingly, this structure has an accumulation
point near the apex of the stenosis, which may explain why
thrombus also routinely forms at this location (Barstad et al.
1994). The current hypothesis is that thrombus forms here
because it is where instantaneous strain rate is maximized.
However, we reveal that the influence may propagate well
upstream.
For the proximal and distal structures discussed above,
the importance and interrelation of fluid transport and
hemodynamic forcing to observed locations of platelet
aggregation are clearly revealed using this approach. These
mechanistic understandings into the transport of potentially
activated platelets would be difficult to assess without uncovering the relationships to LCS. For example, direct analysis
of transport would entail computing and visualizing the trajectories of a distribution of particles. Each particle could be
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color-coded over time according to its level of AP to better
understand where potentially activated platelets are transported. However, this would present at least two main
challenges. First, unlike streamlines, pathlines are typically
chaotic and convoluted, making it difficult to accurately or
precisely infer the flow topology. This is why such plots
are rarely presented to quantify flow physics. Second, the
vast majority of the particles are quickly flushed from the
domain. To track these, the domain would have to be arbitrarily extended downstream to determine definitively where
the particles with highest AP end up. While awkward from a
practical standpoint, this is also questionable in more realistic, subject-specific geometries because vessels branch, bend,
taper, etcetera in vivo and cannot be extended arbitrarily without biasing the results.
The framework presented here enables understandings
into how localized changes in morphology influence
inherently non-local (in space and time) fluid mechanical
phenomena. Namely, this occurs by plotting the AP at the
initial particle locations, since this results in a structured
distribution that is analogous to an Eulerian field. This is
advantageous because the field is easily visualized compared to a chaotic distribution of paths. However, this method
retains critical insight into the true unsteady dynamics. This
is because high AP localizes to fundamental material surfaces that behave as separatrices partitioning regions of flow
with distinct Lagrangian dynamics.
One should keep in mind that platelet activation is not
well defined or completely understood. Hence, measures for
AP as presented here are most appropriately considered a
potential for activation in a broad sense. For example, a platelet with high AP could be viewed as potentially susceptible
to chemical activation if not fully “activated” by mechanical
influence. This is particularly important in situations where
thrombus, or a legion, already exists and chemical agonists
are locally present; or locations where a concentration of activated platelets exists, since activated platelets release factors
that activate nearby quiescent platelets.

5 Limitations
The definition of AP presented here is a first-order approximation. Evidence suggests that mechanical activation
depends on the level of strain rate platelets are exposed to
and the exposure time. While these dependencies are likely
monotonic, it is unclear over what conditions they can be
considered linear. Nonlinear relationships have also been
proposed, see, for example, Tambasco and Steinman (2003),
Boreda et al. (1995), Alemu and Bluestein (2007), Nobili et
al. (2008). Regardless, it is reasonable to expect both linear
and nonlinear relationships to be locally maximized along
LCS. The reasons for this are (1) that LCS are locally the
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most repelling surfaces in the flow, often “exponentially”
more repelling than other surfaces, a property that is leveraged to effectively compute them. Most measures monotonically dependent on deformation will tend to be maximized
in this regard along such surfaces. And (2) LCS persist over
time since they are based on finite-time averages, than from
instantaneous information normally used to classify flow, and
likewise would imply persistent exposure.
Another limitation is the assumption that a platelet can
be modeled as a fluid element. Modeling a platelet as a
rigid spherical particle with finite size and unique density is
relatively straightforward using, for example, the equations
described by Maxey and Riley (1983). This was implemented
for the computations herein and resulted in practically indistinguishable results for particles sized 2–10 microns. However, realistic modeling of the interactions of platelets with
each other, or with the vessel wall, is exceedingly complex,
even in the absence of chemical or enzymatic reactions. Very
close to the wall, or in low flow regions containing activated
platelets, a platelet is likely to adhere, or cohere, respectively.
Accurate modeling of platelet adhesion and cohesion under
physiologic flows on this scale in whole blood is an active
area of research and for the most part remains intractable.
While appropriate modifications could be made as modeling
improves, the time scales of platelet aggregation (tens of seconds to minutes) are generally longer than the time scales of
the mechanisms described herein.

The (largest) FTLE is associated with measuring maximal
deformation ξ t . From Eq. (12), this occurs when ξ 0 is parallel to the eigenvector of the maximum eigenvalue of
(x0 , t0 , t) = ∂x0 x(x0 , t0 , t) ∂x0 x(x0 , t0 , t) .
Letting χ (x0 , t0 , t) denote this largest eigenvalue, the maximum stretching factor is
max
ξ0

ξt
ξ0

=



χ (x0 , t0 , t) = ∂x0 x(x0 , t0 , t)

2

,

(13)

where  · 2 denotes the matrix norm induced from the standard vector norm. The FTLE is defined by taking the natural
logarithm and dividing by the integration time, that is
λ(x0 , t0 ; t) =

ξt
1
.
ln max
|t − t0 |
ξ0
ξ0

(14)

To compare with AP, the contribution of integrated strain
rate to the growth of ξ t is considered. The evolution of x(x0 ,
t0 , t) is governed by the advection equation
∂t x(x0 , t0 , t) = u(x, t),

(15)

where u is the fluid velocity. Linearizing Eq. (15) about
x(x0 , t0 , t) gives
∂t ξ t = ∂x u(x, t) ξ 0 .

6 Conclusion

(16)

The velocity gradient can be written as the sum of e and ,
hence

Blood flow influences biology by way of forces and by way
of transport. Traditionally, these influences have been considered separately, although transport processes have received
less attention. The results herein indicate potential synergistic
relationships between the kinematic mechanisms underlying
transport and the dynamic mechanisms underlying mechanical platelet activation. The methods presented enable such
findings to be explored, providing a framework to better handle the complex mechanisms that can occur in vivo.

∂t ξ t = e(x, t) ξ 0 + (x, t) ξ 0 .

(17)

The vorticity tensor has 3 independent components and can
be written in vector form as ω = ∇ × u, so that ξ 0 =
1
2 ω × ξ 0 . Therefore,
1
∂t ξ t = e(x, t) ξ 0 + ω(x, t) × ξ 0 .
2

(18)

Integrating gives
Appendix

t

Consider a platelet centered around trajectory x(x0 , t0 , t)
starting at x0 at time t0 , and an arbitrary surface point
y(y0 , t0 , t) = x(x0 , t0 , t)+ξ t . By linearization of x(x0 , t0 , t)
ξ t = ∂x0 x(x0 , t0 , t) ξ 0 ,
which holds for
squared gives
ξt

2



ξ0

ξt − ξ0 =



e(x, s) ξ 0 + 0.5 ω(x, s) × ξ 0 ds.

t0

Dotting ξ t with both sides gives

(11)
sufficiently small. The magnitude

= ξ 0 ∂x0 x(x0 , t0 , t) ∂x0 x(x0 , t0 , t) ξ 0 .

(19)

t
ξ t · e(x, s) ξ 0

ξt · ξt − ξt · ξ0 =

(20)

t0

(12)

+ 0.5 ξ t · ω(x, s) × ξ 0 ds.

123

474

S. C. Shadden, S. Hendabadi

Defining φ as the angle between ω and ξ t × ξ 0 and ψ is the
angle between ξ t and ξ 0 ,
ξt
ξ0
t
=
ξ̂ t · e(x, s) ξ̂ 0 − 0.5 ω(x, s) cos φ sin ψ ds

(21)

t0

+ cos ψ,
where the hat implies unit vector.
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