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Eulerian velocity data as output. The velocity ﬁeld
itself has limited clinical relevance. It measures the
instantaneous rate of change of particle positions. One
is typically more interested in the transport of the ﬂuid
or forces produced by the ﬂuid motion. Although it is
often reasonable to infer the qualitative, or bulk, ﬂuid
motion from inspection of the velocity data, mentally
piecing together the time history of velocity ﬁelds to
quantify ﬂow structures can easily result in misinterpretations when the velocities are time-dependent.
Likewise, measures computed from the instantaneous
velocity data, e.g. streamlines, vorticity, Q-criterion,
rate-of-strain, etc., are similarly unreliable for understanding unsteady ﬂuid behavior. Nonetheless, inherently Lagrangian characteristics, such as ﬂow
recirculation, stagnation, and separation, are often
quantiﬁed in cardiovascular applications using these
instantaneous Eulerian measures.
Tracking the ﬂuid motion directly (Lagrangian
perspective) can be achieved by computing particle
trajectories from integrating the velocity data or
adding tracers (e.g., ‘‘dye’’) in the ﬂow during in vivo
or in vitro experiments. Quantifying the ﬂuid motion
is often difﬁcult because, even in highly laminar ﬂow,
particle trajectories can be chaotic,20 and stirring/
mixing can make relevant ﬂow features, if any, difﬁcult to distinguish. There is a tradeoff. Instantaneous
Eulerian measures are convenient for visualization,
but often do not result in an accurate understanding
of the true ﬂuid motion, whereas visualizing the
ﬂuid motion directly gives the complete, nonlinear
ﬂuid behavior, but makes quantiﬁcation difﬁcult and
ad hoc.
The purpose of this article is to demonstrate a
method to better understand fundamental transport
structures and mechanisms in complex, 3D cardiovascular ﬂows. The computation of Finite-Time
Lyapunov Exponent (FTLE) ﬁelds provides a scalar
measure that accounts for the unsteady, nonlinear
behavior of the ﬂuid, but can be visualized as an
Eulerian ﬁeld. Furthermore, FTLE ﬁelds reveal ﬂow
features, known as Lagrangian coherent structures
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is often difﬁcult to characterize. This article discusses a
computational method to better characterize blood ﬂow
kinematics. In particular, we compute Lagrangian coherent
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INTRODUCTION
Knowledge of blood ﬂow mechanics is critical to
understanding the hemodynamic factors that lead to
acute and gradual changes in the function and health
of vessels. For example, regions of disrupted ﬂow have
been correlated to the localization of atherosclerosis,19,42 recirculation in the infrarenal abdominal aorta
is hypothesized to contribute to the development of
abdominal aortic aneurysms (AAAs),3,33 and quantiﬁcation of ﬂow distribution and characteristics is
becoming important in evaluating the beneﬁts of
surgical intervention.17,30,31,40,41 However, quantifying
important ﬂow features has been a challenge.
Current in vivo (e.g., phase-contrast magnetic resonance imaging (PC-MRI)15), in vitro (e.g., particle
image velocimetry (PIV)1) and computational methods41 for quantifying blood ﬂow typically produce
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(LCS), that yield insight into how ﬂuid is transported.
We demonstrate that this perspective can be used to
quantify the extent of ﬂow stagnation, determine
where and how ﬂow separates, understand how ﬂow is
partitioned to downstream vasculature, and reveal the
mechanisms governing stirring and mixing in large
vessels.

METHODS

LCS
Deﬁnitions
Solving the Navier–Stokes equations provides the
velocity ﬁeld v(x, t). The position of a ﬂuid particle as a
function of time, x(t), is assumed to be governed by
_
xðtÞ
¼ vðx; tÞ:

ð1Þ

Integration of Eq. (1) from time t to t + s provides the
: xðtÞ 7! xðt þ sÞ: The FTLE is deﬁned
ﬂow map /tþs
t
as

Blood Flow Modeling
In vivo and in vitro measurements of blood ﬂow tend
to be under-resolved for identifying the complete ﬂow
structure in large vessels. To understand the hemodynamic features present in a particular region of interest, one must typically rely on computational blood
ﬂow modeling to achieve a satisfactory level of resolution. To demonstrate the computation of LCS, blood
ﬂow in models of a carotid bifurcation; a generic and a
patient-speciﬁc AAA; and a total cavopulmonary
connection (TCPC) are studied. The models shown
herein were constructed from custom software for
image-based modeling.40 The model of the carotid
bifurcation and the generic AAA are idealized models,
with dimensions derived from patient-speciﬁc data.
The overall geometries of the carotid bifurcation and
generic AAA are representative of models previously
studied in the literature to allow for comparison. The
patient-speciﬁc AAA and TCPC models were constructed from magnetic resonance (MR) angiography
data.
Each geometric model was discretized using a
commercial tetrahedral mesh generator (www.
simmetrix.com) to produce a computational mesh.
Blood ﬂow was simulated by solving the Navier–
Stokes equations over the mesh using a stabilized
ﬁnite-element method.9,32,38
For all simulations, a Newtonian approximation for
the ﬂuid viscosity was assumed (l = 0.04 g cm-1 s-1),
the ﬂuid density was assumed constant (q = 1.06 g
cm-3), and a rigid wall approximation was employed.
For inlet boundary conditions, the time-varying volumetric ﬂow entering each model was mapped to a timevarying parabolic proﬁle over the inlet of the model.
This was done for two inlets in the TCPC model. For
outlet boundary conditions, the coupled multidomain
method was employed.35 Depending on the application, either resistance, impedance, or RCR (Windkessel
model) was used at model outlets to represent the
downstream vasculature, with parameters tuned to
produce physiologic pressure and ﬂow distributions.
The results of these computations were used to demonstrate the computation of LCS.
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rðx; t; sÞ ¼

1
ln kmax ðSðx; t; sÞÞ;
2jsj

ð2Þ

where
 tþs
T  tþs

d/t ðxðtÞÞ
d/t ðxðtÞÞ
Sðx; t; sÞ ¼
dxðtÞ
dxðtÞ

ð3Þ

is a ﬁnite-time version of the right Cauchy–Green
deformation tensor and kmax ðSðx; t; sÞÞ denotes the
maximum eigenvalue of Sðx; t; sÞ; where Sðx; t; sÞ is
thought of as a linear operator.
The FTLE can be considered a measure of how
sensitive a trajectory is to perturbations. For example,
if we let dðtÞ be a perturbation to x(t) at time t, then it
can be shown28 that
kdðt þ sÞk  erðx;t;sÞjsj kdðtÞk:

ð4Þ

That is, a perturbation will have at most an exponential growth rate factor of rðx; t; sÞ: Equality holds in
Eq. (4) when dðtÞ is aligned with the eigenvector
associated with kmax ðSðx; t; sÞÞ: However, the growth
of almost all perturbations approximately satisfy Eq.
(4) since the dynamics are quickly dominated by the
projection of the perturbation in this eigenvector
direction, a property that has sometimes been used to
simplify the computation of the FTLE.
The spatial distribution of the FTLE ﬁeld can be
used to detect dominant features in the ﬂow.7,22 In
particular, LCS are deﬁned as co-dimension one
structures that locally maximize the FTLE ﬁeld
transverse to the structure.14,28 For 2D ﬂows, LCS
correspond to curves of high FTLE, and for 3D ﬂows,
LCS correspond to surfaces of high FTLE.
It is well-known that for unsteady systems, the ﬂuid
motion can be chaotic, even when the velocity ﬁeld is
very predictable and laminar. The sensitivity of ﬂuid
trajectories is often due to turning points in the ﬂow.
These turning points are sometimes referred to as
hyperbolic trajectories.8,39 While they qualify as trajectories, and hence can have complex motion themselves, they do not always qualify as hyperbolic.
Nonetheless, their stability properties and inﬂuence
on surrounding ﬂuid is robust. LCS allow us to
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understand how the inﬂuence of these turning points
extends throughout the domain. This is key to understanding transport in a range of ﬂuid ﬂow problems.
It is advantageous to look at the sensitivity of particle paths to initial placement both in forward time
and when time is reversed (s < 0). LCS obtained from
the forward time FTLE ﬁeld (where particles are
mapped to their location at some later time) are
referred to as repelling LCS and LCS obtained from
the backward time FTLE are referred to as attracting
LCS. As the name implies, attracting LCS are surfaces
to which ﬂuid is attracted. In this sense, attracting LCS
often correspond to ﬂow features revealed by injecting
a contrast agent into a ﬂuid, however the attracting
LCS provide a more precise outline of these material
surfaces (as contrast agents can diffuse, obscuring
these surfaces).
Computation Method
To compute the spatial variation of the FTLE ﬁeld,
i.e. rðx; t; sÞ for t and s ﬁxed, a mesh of particles is
seeded in the domain of interest at time t. The trajectory of each particle is obtained by numerically integrating Eq. (1) from t to t + s. For the present
analyses, a Runge–Kutta–Fehlberg integration
scheme5 was used with a maximum error tolerance of
10-6 and a maximum time step size set so that particles
move less than the smallest edge size in the velocity
data mesh each integration time step. Velocity data
was computed on a high resolution tetrahedral mesh
and linear basis functions were used to interpolate the
data during the integration of particle paths.
The ﬁnal position of each particle provides the ﬂow
map. The deformation tensor, Eq. (3), can then be
computed by ﬁnite differencing data from neighboring
mesh points. The maximum eigenvalue of the deformation tensor and subsequently the FTLE are then
computed. The FTLE value for each particle in the
mesh is assigned to the particle location at time t, not
t + s. This process is then repeated varying the evaluation time t to get the time variation of the FTLE
ﬁeld.
The considerations in choosing an appropriate
integration time s are the extent of the LCS sought, the
amount of available data, and computational expense.
The ﬁrst is a theoretical concern and the latter two are
computational concerns.
In general, one should choose an integration time
commensurate with the time-scale of the dynamics of
interest. For example, if one is interested in quantifying
transport over one cardiac cycle, then an integration
length of one cardiac is reasonable for computing the
FTLE ﬁeld. As the integration time increases, the
integrated eﬀect of various time scales are captured.
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Therefore large integration times may produce LCS
corresponding to ﬂow features from diﬀerent time
scales. This is not necessarily undesirable, but can
make interpretation diﬃcult if the FTLE ﬁeld becomes
convoluted with LCS. Fortunately, numerous computations have shown that the location of LCS is relatively unaﬀected by changes in the integration time.
Therefore, the choice of integration time is typically
not critical from a theoretical perspective.
In practice, however, the integration time is usually
dictated by computational concerns. Often the deciding factor is the amount of available velocity data,
both in space and time. For the examples studied here,
the velocity ﬁeld can be assumed to repeat each cardiac
cycle, thus there is no temporal limitation. However,
once a particle is advected out of the spatial domain of
the velocity data, integration must cease and the FTLE
is computed for that point based on an integration
time set to when the particle left the domain if it is
less than the desired integration time. Eventually,
most particles become ﬂushed from the domain, and
choosing an integration time beyond this will not
change the FTLE ﬁeld.
Visual inspection of the FTLE ﬁeld is often suﬃcient to interpret the location and behavior of the LCS.
In some instances, systematically extracting the LCS is
desired. This is often of interest when trying to separate a given LCS from other ones present, or when an
exact parametrization is needed for further analysis.
For such cases we use an extraction method based on
the deﬁnition of LCS.25
LCS are deﬁned as lines (in 2D) or surfaces (in 3D)
that locally maximize the FTLE ﬁeld. That is, transverse to the LCS the FTLE is at a local maximum
and therefore the gradient of the FTLE ﬁeld,
rrðx; t; sÞ is aligned with the LCS and the eigenvector vmin ðx; t; sÞ corresponding to the minimum eigenvalue of the Hessian of the FTLE ﬁeld kmin ðd2 r=dx2 Þ
is transverse to the LCS (for precise deﬁnitions, see
Lekien et al.14 and Shadden et al.28). Therefore the
scalar ﬁeld
aðx; t; sÞ ¼ hrrðx; t; sÞ; vmin ðx; t; sÞi

ð5Þ

is constant (equal to zero) along LCS. Zero level sets of
a deﬁne LCS when two conditions are satisﬁed: the
minimum eigenvalue of the Hessian of the FLTE ﬁeld
is negative, and Sðx; t; sÞ has one and only one
eigenvalue greater than one. Therefore, LCS can be
extracted by plotting zero level sets of a where these
two conditions are satisﬁed. We can threshold these
level sets based on the values of rðx; t; sÞ or kmin
ðd2 r=dx2 Þ to extract the most well-deﬁned structures.
This method usually performs well if the FTLE grid
spacing is small enough so that neighboring LCS
provide distinct maxima.
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RESULTS
Carotid Bifurcation

Idealized AAA
An idealized model of a AAA was constructed to
study ﬂow patterns in a fusiform aneurysm, with a
geometry similar to models previously studied.4,21,24,34
The dimensions for the model are given in Fig. 2. The
curvature of the aneurysm is elliptic. The diameter of
the aorta, maximal diameter of the aneurysm, length

(a) Early systole

(b) Peak systole
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A 3D computational model of a human carotid
bifurcation was constructed to replicate the model of
Bharadvaj et al.2 This geometry was based on measurements obtained from 57 angiograms from 22
normal patients between 34 and 77 years old.
At the inlet of the common carotid artery (CCA),
we prescribed a pulsatile, periodic ﬂow waveform
taken from Marshall et al.18 scaled to have a period of
0.923 s. At the outlets of the internal and external
carotid arteries (ICA and ECA), impedance boundary
conditions were used to ensure a proper ﬂow distribution between the ICA and ECA,18 and a physiologic
pressure pulse of 120/70 mmHg.13
Solutions to the Navier–Stokes equations were
obtained from a 382,961 element and 73,723 node
nonuniform, tetrahedral mesh with a time step size of
0.000923 s. The solution was computed for ﬁve cardiac
cycles to ensure solution convergence. Velocity data
was output every 0.01846 s over the last cardiac cycle
for post-processing.
The velocity data was used to computed the backward time FTLE ﬁeld over the cardiac cycle. Inspection of the backward time FTLE ﬁeld shows an
attracting LCS that extends from the proximal end of
the carotid sinus, Fig. 1. The LCS is shown at four
times during the cardiac cycle—early systole, peak
systole, early diastole, and mid diastole. The LCS is
well-deﬁned over almost the entire cardiac cycle.
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FIGURE 2. Idealized AAA geometry and inflow waveform.
The period of the cardiac cycle is 0.952 s.

of the aneurysm, and diameter of the common iliac
arteries are representative of measurements taken from
patient-speciﬁc image data; this image data was used to
construct the patient-speciﬁc model considered in the
section ‘‘Patient-speciﬁc AAA.’’
A patient-speciﬁc infrarenal waveform measured
from PC-MRI was used as the inﬂow boundary condition, Fig. 2. Resistance boundary conditions were
speciﬁed at the outlets of the iliac arteries, with equal
resistance at each outlet, and total resistance set to
produce a physiologic pressure pulse.
The computational mesh used for solving Navier–
Stokes equations consisted of a 614,100 element and
117,315 node tetrahedral mesh. The simulation timestep size was 0.000952 s and the solution was computed over ﬁve cardiac cycles to ensure convergence.
Over the last cardiac cycle, velocity data was output
every 0.00238 s for post-processing.
The velocity data was used to compute the forward
and backward time FTLE ﬁelds over the cardiac cycle.
The backward time FTLE ﬁelds reveal an attracting
LCS as shown in Fig. 3 and the forward time FTLE
ﬁelds reveal a repelling LCS as shown in Fig. 4. These
plots show an upper level set of the FTLE ﬁeld, which

(c) Early diastole

(d) Middle diastole

FIGURE 1. Evolution of attracting LCS in the carotid sinus over the cardiac cycle. This LCS captures the unsteady separation
profile in the carotid sinus providing a clear, geometric representation of the separation.
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(c) Early diastole

(d) Middle diastole

FIGURE 3. Evolution of attracting LCS inside idealized AAA over the cardiac cycle.

can often be used to approximate the location of the
LCS.28
Although 3D rendering techniques continue to
improve, it is often necessary to restrict visualization to
2D sections to better understand the geometrical
structure. Due to the symmetry of the model, coronal
sections of the forward and backward time FTLE
ﬁelds inside the aneurysm during mid-diastole are
shown in Fig. 5. This ﬁgure also shows the residence
time ﬁeld, which measures the time it takes ﬂuid to be
ﬂushed from the aneurysm. The regions shaded dark
blue correspond to ﬂuid that remains in the aneurysm
longer than one cardiac cycle.
Patient-speciﬁc AAA
MR angiography was performed on a 78-year-old
male with a moderate-sized AAA. The MR data was
used to construct a geometric model that spanned from
the supraceliac aorta to below the iliac bifurcation,
including the celiac, superior mesenteric and renal
arteries, as shown in Fig. 6. The volumetric ﬂow
through the supraceliac and infrarenal aorta was

(a) Early systole

(b) Peak systole

measured in vivo from PC-MRI under resting conditions. The supraceliac ﬂow rate (cf. Fig. 6) was used to
specify the inlet boundary condition and combined
with the infrarenal ﬂow rate to help tune outlet
boundary conditions. The computational model consisted of an adapted,23 tetrahedral mesh of 71,1270
elements and 135,289 nodes. Impedance boundary
conditions were speciﬁed at the outlets. The simulation
time step used to solve Navier–Stokes equations was
set to 0.000968 s.
The Reynolds number at peak systole reaches
approximately 1150 in the infrarenal aorta (proximal
to the aneurysm) and is less than 500 mid-aneurysm,
based on the mean velocity (volumetric ﬂow rate
divided by the cross-sectional area of the vessel) and
the eﬀective diameter of the vessel. Fully developed
turbulence was not observed, however inspection of
the velocity data does reveal transient (weak) turbulence inside the aneurysm. This is in contrast with the
idealized AAA model that, although having similar
Reynolds numbers, produced ﬂow that is completely
laminar. Since the Navier–Stokes equations are solved
directly (without a turbulence model), a relatively

(c) Early diastole

FIGURE 4. Evolution of repelling LCS inside idealized AAA over the cardiac cycle.

(d) Middle diastole
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FIGURE 5. Cross-sectional view of FTLE and residence time fields during mid-diastole.

1.8 cm

6.2 cm
4.1 cm

3.9 cm

flow rate (ml/s)

200
150
100
50
0
−50
0

0.1

0.5

0.75

1

time (s)

FIGURE 6. Patient-specific AAA model and input supraceliac flow rate.

high-resolution ﬁnite-element mesh is needed to resolve
the length scales in the velocity ﬁeld. Although the
mesh used in this analysis is under-resolved, additional, higher-resolution computations have been performed that conﬁrm similar unsteadiness in the
aneurysm as the data analyzed here.
The forward time FTLE ﬁeld was computed in the
aneurysm. The ﬁeld has a much more complex distribution than in the idealized model. However, LCS can
still be observed. For such complex ﬂow, plotting the
full 3D LCS is diﬃcult to visualize. Instead, a crosssection of the FTLE ﬁeld shown in the left panel of

Fig. 7, taken spatially at an arbitrary location in the
aneurysm near the proximal end, and temporally near
the end of systole.
To demonstrate the correlation between the LCS
and regions of stagnation, the residence time of the
ﬂuid at this cross-section was computed and is shown
in the right panel of Fig. 7. Areas colored orange
correspond to blood that remains in the aneurysm
longer than one cardiac cycle. To compare the repelling LCS with the residence time ﬁeld, we algorithmically extract the LCS from the FTLE ﬁeld, as described
in the section ‘‘Computation method.’’ The left panel
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FIGURE 7. (Left) Cross-section of 3D FTLE field in the aneurysm. Cross-section taken at location of dotted-lines in Fig. 6. The
integration time used to compute the FTLE was equal to one cardiac cycle. (Right) Residence time at planar section where FTLE is
shown. Color map is specified in seconds.

FIGURE 8. (Left) Close up of FTLE field showing extracted LCS. (Right) Close up of residence time plot with extracted LCS. The
LCS correspond closely to the boundaries between stagnant flow and flow that is quickly flushed from the AAA.

of Fig. 8 shows a close-up of the result of this extraction procedure and the right panel of Fig. 8 superimposes these extracted LCS with the residence time ﬁeld.
TCPC
Recently, a modiﬁcation to the conﬁguration of the
total cavopulmonary connection (Fontan procedure)
was proposed.16 This modiﬁcation incorporates a
Y-graft connection of the inferior vena cava (IVC) to
the pulmonary arteries. A patient-speciﬁc computational model of the TCPC was constructed from MR
angiography data taken from imaging a 4-year-old
male with a traditional TCPC. Once the patient-speciﬁc model was constructed, a new geometric model
was created by replacing the IVC connection with a Ygraft connection, while retaining the rest of the patientspeciﬁc geometry unaltered, resulting in the model
shown in Fig. 9.
The nonuniform, tetrahedral mesh used to solve the
Navier–Stokes equations over the model consisted of
1,154,685 elements and 224,448 nodes. The simulation
step size was 0.0005 s. For boundary conditions, the
volumetric ﬂow rates through the IVC and superior
vena cava (SVC) were measured from PC-MRI and
were used to prescribe inﬂow boundary conditions at
the IVC and SVC inlets.17 At the 20 outlets of the

FIGURE 9. Model of total cavopulmonary connection. Plots
shown in Fig. 10 correspond to location of shaded plane
shown near the inlet of the IVC.

pulmonary arteries, a 3-element windkessel model37
was assigned using the coupled multidomain method.35
The resistances and capacitance of each windkessel
model were chosen to ﬁt the impedance of a morphometry-based arterial tree at each outlet.29
A motivation for the Y-graft connection is to provide better distribution of IVC ﬂow to the pulmonary
arteries to help prevent pulmonary arteriovenous
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FIGURE 10. Cross-section of the FTLE field near the inlet of the IVC reveals an LCS that partition the IVC flow between the right
pulmonary arteries (dashed region) and left pulmonary arteries (slanted lines) at two points in the respiratory cycle. Note, in this
simulation IVC flow is periodic with the respiratory, not cardiac, cycle.

malformations due to unequal distribution of hepatic
venous ﬂow.10 To better understand how IVC ﬂow is
distributed, the forward time FTLE ﬁeld was computed near the inlet of the IVC. Figure 10 shows a
cross-section of the FTLE ﬁeld during inspiration (left)
and expiration (right) near the IVC inlet. The FTLE
ﬁelds reveal several LCS, including a well-deﬁned LCS
that partitions ﬂuid transported through the right or
left branches of the Y-graft.

DISCUSSION

better understanding into why certain regions may
have low WSS or high OSI and a better understanding
of how ﬂuid is transported.
Diﬀerences in patient anatomy result in varying
susceptibility to ﬂow separation, therefore it is often
diﬃcult to predict whether a particular anatomy gives
way to adverse hemodynamics. The framework presented here enables a clear understanding of when
separation is present and the ability to characterize the
separation proﬁle. Detecting separation is important
due to the correlation with disease localization and loss
of hemodynamic eﬃciency.

Carotid Bifurcation
Previous studies have noted the correlation between
ﬂow separation in the carotid bifurcation and atherosclerotic plaque deposition. Diﬃculty in visualizing
unsteady separation and in obtaining quantitative ﬂow
information in the carotid bifurcation were noted.11,12
This led to a simpliﬁed representation of the ﬂuid
mechanics by focusing on the distribution of wall shear
stress (WSS). Correlations between low WSS and high
oscillatory shear index (OSI)12 to atherosclerosis were
noted, yet these measures provide limited insight into
the hemodynamic mechanisms responsible for these
correlations.
Separation occurs when ﬂuid ﬂowing along a wall
pulls away from the wall due to an adverse pressure
gradient. Locally, the ﬂow converges to a separation
proﬁle.36 If time is reversed, opposite behavior is
observed, with ﬂuid approaching the wall along the
separation proﬁle and then diverging. Computing the
backward time FTLE helps reveal this surface of separation. The attracting LCS shown in the carotid
model represents the proﬁle along which ﬂow separates
in the carotid sinus. We see that the edges of the separation surface roll up into neighboring spirals, which
extend down the ICA. Separation occurs over nearly
the entire cardiac cycle, although the proﬁle varies over
time. Being able to visualize the separation allows a

Idealized AAA
Previous studies have noted the formation of vortices in fusiform aneurysms.4,21,24 However quantiﬁcation of ﬂow recirculation and stagnation is often
missing. Since recirculation and stagnation presumably
play an important role in thrombus formation and
inﬂammatory mechanisms, it is important to be able to
quantify these conditions. For the fusiform aneurysm
studied in the section ‘‘Idealized AAA,’’ during systole
blood travels down the infrarenal aorta and separates
from the aorta at the proximal end of the aneurysm,
resulting in the shedding of a laminar vortex ring
during early diastole.
Shadden et al.26,27 demonstrated that LCS can be
used to capture the boundary of vortex rings generated
from a piston-cylinder apparatus and that the LCS
predict which ﬂuid is entrained (detrained) to (from)
the vortex. Similarly, superimposing the attracting and
repelling LCS in this AAA model gives the boundary
of the vortices formed in each cardiac cycle. The LCS
that provide these boundaries are noted in Fig. 5.
The non-dimensional vortex formation time,6

 ¼ 14:7 cm s1 is
UDt=D;
is approximately 2.0, where U
the average infrarenal ﬂow rate during systole, Dt =
0.27 s the duration of systole, and D = 2.0 cm the
infrarenal aortic diameter (proximal to the aneurysm).
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Formation times of laminar vortex rings less than 4–5
typically result in all circulation being transferred to a
single vortex.6 Therefore we might expect that the main
mechanism transporting blood through the aneurysm
is the propagation of the vortex rings. The LCS enable
delineation of the exact boundary of the vortex and
thus quantiﬁcation of the vortex volume, which was
computed to be 11.0 cm3. Integrating the suprarenal
volumetric ﬂow rate over systole gives 12.3 cm3. So
indeed, nearly all ﬂuid traveling down the infrarenal
aorta is imparted to the vortex.
Comparing the location of the repelling LCS shown
in Fig. 5b with the residence time ﬁeld shown in Fig. 5c
demonstrates that ﬂuid bound by the LCS is primarily
the ﬂuid that is ﬂushed from the aneurysm in less than
one cardiac cycle, whereas ﬂuid outside the LCS
remains conﬁned to this region over that period of
time. Therefore, the repelling LCS is a separatrix
that, in addition to capturing the vortex boundary,
delineates the boundary of stagnant regions.
Patient-Speciﬁc AAA
The patient-speciﬁc AAA model produces more
complex ﬂow than the idealized AAA model. Although
the Reynolds number in the infrarenal aorta is similar,
the complexity of the vessel geometry induces turbulent behavior in the aneurysm. Characterizing turbulent ﬂow has long been a challenge for many problems,
and being able to identify detailed ﬂow structures in
3D turbulence is exceptionally diﬃcult. While the ﬂow
in the aneurysm is not homogeneous turbulence, it is
clear from inspection of the velocity data that rapid
ﬂuctuations of the velocity in space and time are
present and the ﬂow no longer has a laminar structure.
While the eﬃcacy of computing LCS in 3D turbulent
or near-turbulent ﬂow has not been fully explored, the
results of section ‘‘Patient-speciﬁc AAA’’ are encouraging.
The complex distribution of FTLE suggest complex
stirring of ﬂuid in the aneurysm. Nonetheless, the
FTLE distribution provides well-deﬁned LCS. Similar
to the idealized AAA model, Fig. 8 shows that there is
a strong correlation between the location of the
repelling LCS and the boundaries of stagnant ﬂow in
the aneurysm. However, particles can be seeded on
either side of the LCS, as done for the idealized AAA
model, to better understand why these regions have
high residence time. We can also notice that even in
regions of stagnation, that there are LCS appearing
which indicates that substantial stirring and mixing is
occurring in this region, even though the ﬂuid remains
in the aneurysm over the cardiac cycle.
The existence of LCS in 3D turbulence is very
interesting, but in such applications visualization and
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parameterization of the LCS can become diﬃcult,
and thus further advances related to these issues are
needed.
TCPC
For the TCPC, we examined the structure of the
LCS near the inlet of the model in the IVC. The
motivation for this was to characterize ﬂow distributed
between the left and right pulmonary branches. There
is a well-deﬁned LCS that partitions the ﬂow between
the left and right pulmonary branches; in Fig. 10 the
region advected through the left conduit is ﬁlled with
the slanted solid lines and the ﬂuid advected through
the right conduit is ﬁlled by the horizonal dashed lines.
Tracking the location of that LCS enables quantiﬁcation of how much IVC ﬂow goes to the left or right
pulmonary arteries; in this case 45% of IVC ﬂow is
distributed to the left conduit and 55% of IVC ﬂows is
distributed to the right conduit. This 45–55 ﬂow split
is in direct proportion to the ratio of peripheral resistances. That is, the bulk distribution of IVC ﬂow is
dictated by downstream boundary conditions. This is
in contrast to the tradition ‘‘T-junction’’ and ‘‘offset’’
TCPC models,16 which when analyzed showed
preferential distribution of ﬂow based on the local
conﬁguration of the connection.
Inspection of the FTLE ﬁelds also reveal several
more LCS, which partition how the ﬂow is distributed
between more distal arterial branches. Although the
LCS were used in this example to determine the bulk
distribution of IVC ﬂow between the LPA’s and
RPA’s, the LCS provide a spatial understanding of
how ﬂow is distributed to the distal vasculature. For
example, if one is interested in where an embolus is
likely to travel in a particular model, an exhaustive
number of simulations varying the initial position of
the embolus in a particular vicinity could be run to
determine where the embolus is likely to be transported. Alternatively, a more complete, geometric
understanding can be obtained by computing LCS in
the region the emboli are likely to form. Such knowledge could also be beneﬁcial in drug targeting or
surgical planning.

CONCLUSIONS
Flow in large vessels is unsteady. Often 3D, laminar,
or weakly turbulent, ﬂow structures are present, especially at locations of pathology. Previous studies of
blood ﬂow mechanics have typically employed traditional Eulerian criteria to visualize the hemodynamics.
The unsteadiness of the velocity ﬁeld makes these
criteria unreliable. To better characterize the behavior
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of the ﬂuid, a Lagrangian perspective is often required.
Although particle motion can be complex and diﬃcult
interpret directly, the FTLE condenses trajectory
information to a scalar measure. The remarkable
property of this measure is that it enables extraction
of an underlying transport structure by revealing
so-called LCS. These LCS help to identify key separatrices dictating transport and help generalize
intuitive concepts, such as ﬂow separation or vortex
boundaries, that are otherwise diﬃcult to deﬁne
rigorously for unsteady ﬂow.
To demonstrate this method, we applied the computation of LCS to regions of the vasculature where
ﬂow has been associated with pathological conditions.
These examples enabled us to demonstrate the utility
of this method to better characterize clinically relevant
ﬂow conditions, such as, ﬂow stagnation, ﬂow separation, partitioning of ﬂuid to downstream vasculature, and mechanisms governing stirring and mixing.
We believe this method may oﬀer a breakthrough in
studying ﬂow behavior in the cardiovascular system,
including aiding in understanding the role of ﬂuid
mechanics in disease progression, evaluating medical
device or surgical design, and as a tool to better
diagnose unfavorable hemodynamics.
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